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Abstrat
In the present work we analize the behavior of 5-dimensional gravitational waves prop-
agating on a Kaluza-Klein bakground and we fae separately the two ases in whih
respetively the waves are generated before and after the proess of dimensional om-
patiation. We show that if the waves are originated on a 5-d spae-time whih fullls
the priniple of general relativity, then the proess of ompatiation an not redue
the dynamis to the pure 4-dimensional salar, vetor and tensor degrees of freedom. In
partiular, while the eletromagneti waves evolve independently, the salar and tensor
elds ouple to eah other; this feature appears beause, when the gauge onditions are
splitted, the presene of the salar ripple prevents that the 4-d gravitational waves are
traeless. The phenomenologial issue of this sheme onsists of an anomalous relative
amplitude of the two independent polarizations whih haraterize the 4-d gravitational
waves. Suh prole of polarization amplitudes, if deteted, would outline the extra-
dimension in a very reliable way, beause a wave with non-zero trae an not arise from
ordinary matter soures. We disuss the above mentioned phenomenon either in the ase
of a unit onstant value of the bakground salar omponent (when the geodesi devia-
tion is treated with preise outputs), and assuming suh bakground eld as a dynamial
degree (only qualitative onlusion are provided here, beause the details of the polar-
ization amplitudes depend on the hoie of spei metri forms). Finally we perturb a
real Kaluza-Klein theory showing that in this ontext, while the eletromagneti waves
propagate independently, the 4-d gravitational waves preserve their ordinary struture,
while the salar plays for them the role of soure.
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tober 18, 2018
1 Basi Statements
Sine Einstein proposed the geometrial interpretation for the gravitational interation,
a new hallenge arose in theoretial physis; the aim of suh hallenge onsisted in
providing a unied piture of Nature, in whih all the fundamental interations are in-
luded within the spae-time geometry. To ahieve this result, additional degrees of
freedom have to be made available in the geometry, beyond the ordinary 4-dimensional
spae-time metri. Along this diretion, the most suessful line of thinking ame out
to be the extension of the ordinary spae-time in view of spae-like extra-dimensions;
this approah (starting from the original works of Kaluza [1℄, on the eletromagneti
eld, passing to the geometrization of non-Abelian gauge theories [2℄[3℄, and arriving to
the modern superstrings formulation [4℄ and brane theories [5℄) relies on the possibility
of using the extra-dimensional metri omponents in the desription of non gravita-
tional 4-dimensional degrees of freedom. However, as rst pointed out by Klein [6℄[7℄,
a multidimensional framework leaves open the fundamental question about why we do
not observe the extradimensions. An explanation is provided by assuming that the
extra-dimensional spae is ompatied to very small size, so that its observation would
require energy sales not available in the atual laboratory experiments [8℄. Thus great
interest exists for those phenomena whih are able, beause their high energy origin,
to provide some information on the spae-time numbers of dimensions. Among suh
phenomena stand gravitational waves generated in the very early Universe, in whih
all the dimensions are expeted to be on the same foot. Indeed the proess of dimen-
sional ompatiation is expeted to be indued by the very early evolution of the
Universe; in fat a dierent size of the spae dimensions ould be reahed as eet of
an anisotropy dynamis of the osmologial bakground [9℄. However a more modern
and onvining point of view relies on the so-alled mehanism of "Spontaneous om-
patiation" [10℄-[13℄. Aording to this point of view, at very high temperature, the
"vauum state" of the multidimensional gravitational theory orresponds to the (multi-
dimensional ) Minkowski spae-time; but, in orrespondene to a ritial temperature, a
phase transition of the Universe ould take plae and then a "vauum state" no longer
invariant under the Poinarè group settles down beause energetially favored. Though
this mehanism has not yet well-grounded physis, it attrats great interest beause al-
lows to math "the general relativity priniple" of a multidimensional theory with the
restritions of symmetries required by a Kaluza-Klein framework (for a review of suh
framework see [14℄ [15℄). Either in the ase of anisotropi Universe dynamis, and if the
Poinarè "gauge" group is spontaneously broken, a gravitational wave generated before
the ompatiation of the extra-dimensions must bring peuliar features whih ould
outline the existene of additional spae-like diretions.
In the present paper we deal with gravitational waves within the theoretial paradigm
of a 5-dimensional Kaluza-Klein theory and we extrat information useful to distin-
guish between perturbations of the spae-time whih were generated before and after
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the ompatiation proess. From a phenomenologial point of view the main issue of
our analysis is that a pre-ompatiation wave outlines a very peuliar and detetable
oupling between the salar and tensor omponents of the 5-dimensional Kaluza-Klein
spae-time. As rst step (Setion 2) we start from the linearized 5-dimensional Ein-
stein equations with all their gauge onditions and impose on them the restrition of a
Kaluza-Klein approah, i.e. the independene on the extra-oordinate of the eld vari-
ables, a peuliar form of the 5-metri tensor and the breaking of general oordinates
re-parameterization (only generi 4d-dieomorphirms and a translation along the fth
diretion are admissible [16℄). After we split the eld equations in terms of pure 4-
dimensional tensor (4d-gravity), vetor (eletromagneti) and salar degrees of freedom.
The bakground on whih suh 5-dimensional ripples propagate does not ontain the
eletromagneti omponent, beause our analysis aims to osmologial implementations
and no (oherent) large sale eletromagneti elds are observed; furthermore we ana-
lyze separately the two ase orresponding respetively to a unit onstant bakground
salar eld (Setion 3) (aording to Kaluza [1℄[17℄) and to a real zero-order dynamis
(Setion5) of this same omponent (see [18℄-[22℄). Within this paradigm we show that it
is not possible to separate the dynamis of the salar and tensor perturbations, while the
vetor one evolves independently like an ordinary eletromagneti wave. By studying
the geodesi deviation equation, it is shown (Setion 4) that suh a salar-tensor ou-
pling leads to an anomalous reiproal amplitude of the two independent polarization
states. If deteted, this anomalous behavior would be a good deteter for the existene
of an extra-dimension; in fat, the salar degree of freedom prevents that the 4-wave
is traeless and suh an eet an not be mimiked by real matter soures. A valu-
able tehnial eort is done to generalize the analysis above desribed in view of the
presene of a no long or unit onstant salar eld (Setion5). The resulting piture is
signiantly more ompliated beause of the additional oupling of any variable with
this bakground dynamial degree, furthermore the interpretation of this ase is di-
ult due to the presene of a bakground salar eld whih prevents to deal with a 4-d
Minkowski spae-time. Even in the latter situation, a salar-tensor oupling outomes,
but the detailed behavior of the waves polarization depends on the form of the hosen
bakground metri form. As seond step of our analysis we perturb a Kaluza-Klein the-
ory (Setion 6), i.e. we onsider a 5-dimensional ripple whih originates after the proess
of dimensional ompatiation. In a Kaluza-Klein sheme the salar, vetor and tensor
degrees of freedom are already with their own features and therefore their perturbations
do not mix. The eletromagneti waves separate as before and evolve independently;
the salar and tensor waves are yet oupled but now in a standard morphology, i.e. the
salar wave beomes soure for the tensor one. The detetion of gravitational wave with
an assoiated salar one having orrelated spetra would be again an indiation in favor
of an extra-dimension existene
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2 Linearized gravity on a Kaluza-Klein bakground
If we assume that before ompatiation the Universe was 5-dimensional, we need 5-d
Einstein equations to desribe it:
GAB = χTAB A,B = 0, 1, 2, 3, 5 (1)
where, exept for the number of indies (x5 is historially the oordinate of the extra-
dimension), all is like in Einstein's theory. In partiular Einstein tensor will be GAB =
RAB −
1
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5dgABR where
5dgAB is the 5-d metri tensor, RAB is the 5-d Rii tensor and
R = 5dgABRAB is the 5-d Rii salar, χ is a dimensional onstant and TAB is the 5-d
stress-energy tensor. We are looking for gravitational waves generated before ompat-
iation, propagating through a vauum bakground and therefore pure 5-dimensional
metri waves. These waves are then generally ovariant under arbitrary 5-d oordinate
transformations and are desribed, in a linearized theory (see [23℄ for the same operation
in 4-d spae-time), by the perturbation hAB of a vauum bakground metri jAB:
5dgAB = jAB + hAB (A,B = 0, 1, 2, 3, 5) (2)
In 5-d vauum the Einstein equations redue to
RAB = 0 (3)
and the Rii tensor for a metri of the form (2) an be splitted, negleting seond order
terms (we are in a linearized theory), into
RAB = R
(0)
AB +R
(1)
AB(h) (4)
where R
(0)
AB is built with the bakground metri jAB and R
(1)
AB is the rst order orretion
in hAB. Being hAB the perturbation of a vauum bakground R
(1)
AB = 0 (hereafter, the
indies are raised and lowered with the unperturbed metri jAB):
R
(1)
AB =
1
2
(hCA;B;C + h
C
B;A;C − h
;C
AB ;C − h;A;B) = 0 (5)
This is the propagation wave equation for a 5-dimensional gravitational wave (the o-
variant derivatives ;C refers to the bakground metri jAB).
If we introdue the tensor ψAB = hAB −
1
2
jABh (h = hABj
AB
) the equation (5) reads
−ψ
;C
AB ;C − jABψ
AB
;A;B + ψ
C
A;C;B + ψ
C
B;C;A − 2R
(0)
CADBψ
CD = 0 (6)
where R
(0)
CADB is the 5-d Riemann tensor built with jAB.
The solution of equation (6) is not uniquely determined; we an make a oordinate
transformation x′A = xA+ ξA , where ξA is an innitesimal 5d-vetor, that preserve hAB
as a perturbation. The rst order hange on the perturbation is then
hAB −→ h
′
AB = hAB − ξA;B − ξB;A (7)
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This gauge freedom an be used to impose the "Hilbert gauge"
ψ BA ;B = 0 (8)
In this gauge the equation (6) beomes:{
− ψ
;C
AB ;C − 2R
(0)
CADBψ
CD = 0
ψ BA ;B = 0
(9)
The transformation (7) don't exhaust the gauge freedom, in fat after to have imposed
the "Hilbert gauge" we an make another transformation (7) that preserve the ondition
(9) provided we use a vetor ξA whih satisfy
ξ
A;B
;B = 0 (10)
When the spontaneous ompatiation takes plae, the Universe aquires a Kaluza-
Klein struture (the manifold M5 beomes M4 × S1) and the 5-d loal Poinaré group
is spontaneously broken into a 4-d loal Poinaré group and a U(1) loal gauge group.
The wave, originally a 5-d objet, now feels the eets of the ompatiation and
its omponents transform in a dierent way under 4-d oordinate transformations. In
unperturbated Kaluza-Klein theory indeed, the metri tensor jAB has the following de-
omposition:
jµν =
4dgµν + e
2k2Φ2AµAν
j5µ = ekΦ
2Aµ
j55 = Φ
2
(11)
where Φ2 is a salar funtion, Aµ is the eletromagneti eld and
4dgµν is the gravitational
eld, e is the eletri harge and k is a dimensional onstant. In this theory all the
elds Φ2, Aµ,
4dgµν are purely 4-d objets and are independent of the extra-dimension
oordinate x5. In a ompatied universe with 5-d origin the whole metri tensor 5dgAB =
jAB + hAB splits in the same way as in the equations (11)

5dg55 −→ Salar eld
5dg5µ
5dg55
(µ = 0, 1, 2, 3) −→ Abelian gauge eld
5dgµν −
5dg5µ
5dg5ν
5dg55
(µ, ν = 0, 1, 2, 3) −→ Tensor eld
(12)
and if, for instane, in a unperturbed Kaluza-Klein theory j55 must be a salar, let's say
Φ2, now 5dg55 = j55 + h55 must be the same salar plus an innitesimal salar, hφ, to
keep the Kaluza-Klein struture. In the same way the following identiations will be
orret for the whole omponents of
5dgAB in a perturbed theory:

5dg55 = Φ
2 + hΦ
5dg5µ
5dg55
= Aµ + ǫµ
5dgµν −
5dg5µ
5dg5ν
5dg55
= 4dgµν + ǫµν
(13)
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where the innitesimal elds hΦ, ǫµ, ǫµν are respetively a 4-d salar eld, a 4-d vetor
eld and a 4-d tensor eld.
To understand how the original 5-d wave splits itself in 4-d objets after the ompat-
iation, we must look at the propagation equation (9) and extrat from it the purely
4-d quantities. In order to do this we must:
- extrat all the 4-d geometrial objets (Christoel, Riemann, Rii) ontained in
5-d geometrial objets
- extrat the 4-d elds ontained in the 5-d eld ψAB beause, after the spontaneous
ompatiation, the 5-d general ovariane is lost, and the omponents of ψAB a-
quire a dierent behavior under 4-d general oordinate transformations, beoming
distint 4-d dynamial elds
In the next two setions we will analize the Φ2 = 1 ase, reserving the Setion 5 to the
same analysis in the Φ2 6= 1 ase.
3 Waves on a Kaluza-Klein bakground in the Φ
2
= 1
ase
Now we study (a onneted but dierent approh an be found in [24℄) the wave equation
(11) on the following xed bakground jAB:
jAB =
(
4dgµν 0
0 1
)
(14)
where we have hosen Φ2 = 1 in the spirit of the Kaluza approah and Aµ = 0 beause
in a osmologial bakground a large sale eletromagneti eld is absent. We begin
our splitting operation to nd the 4-d elds by alulating the omponents of the 5-d
Christoel symbols
5dΓCAB =
1
2
jCD(jDA,B + jDB,A − jAB,D) (15)
for the metri (14):
5dΓαµν =
4dΓαµν =
1
2
4dgαβ(4dgβµ,ν +
4dgβν,µ −
4dgµν,β)
5dΓ5AB =
5dΓA5B = 0 ∀A,B = 0, 1, 2, 3, 5
(16)
by the use of the previous equations the Riemann tensor beomes
5dRρµαν =
4dRρµαν
5dR5ABC = 0
5dRAB5C = 0 ∀A,B,C = 0, 1, 2, 3, 5
(17)
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Using the equations (16), (17) and the ylindriity ondition (∂5 = 0) we an now
split the rst equation of the system (9) in the following system for what onerns the
4-d propagation equations 

ψ
;µ
55 ;µ = 0
− ψ
;ν
5µ ;ν = 0
− ψ ;ρµν ;ρ − 2
4dRρµσνψ
ρσ = 0
(18)
and we an write the gauge's onditions as:

ψ
ρ
5 ;ρ = 0
ψ ρµ ;ρ = 0
(19)
In both the equations (18) and (19) all the ovariant derivatives are purely 4-d (built
with the metri
4dgµν).
The last step is to extrat the 4-d dynamial elds ontained in the omponents of
ψAB; using the equations (13) and substituting the metri (14) in the total metri
5dgAB
we obtain up to the rst order the following identiations:

1 + h55 = 1 + hΦ =⇒ h55 = hΦ
h5µ
1 + h55
= ǫµ =⇒ h5µ = ǫµ
4dgµν + hµν −
h5µ h5ν
1 + h55
= 4dgµν + ǫµν =⇒ hµν = ǫµν
(20)
By the use of suh identiations we an nally deompose the tensor ψAB in four
dimensional objets:

ψ55 = h55 −
1
2
j55h = hΦ −
1
2
(hΦ + ǫ) =
hΦ − ǫ
2
ψ5µ = h5µ −
1
2
j5µh = ǫµ
ψµν = hµν −
1
2
jµνh = ǫµν −
1
2
4dgµν(hΦ + ǫ)
(21)
where ǫ = 4dgµν ǫ
µν
and h = jAB h
AB = hΦ + ǫ. Substituting the (21) inside the (18),
(19) we obtain the propagation equations for the 4-d elds ontained in the 5-d wave

(hΦ − ǫ)
;µ
;µ = 0
− ǫ ;νµ ;ν = 0
− ǫ ;ρµν ;ρ +
1
2
4dgµν(hΦ + ǫ)
;ρ
;ρ − 2
4dRρµσνǫ
ρσ + 4dRµν (hΦ + ǫ) = 0
(22)
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and their gauge equations: 

ǫρ;ρ = 0
ǫ ρµ ;ρ −
1
2
ǫ;µ =
1
2
hΦ;µ
(23)
To simplify these expressions we must remember that the original 5-d wave was propa-
gating in the vauum (
5dRµν =
4dRµν = 0) and if we ontrat the last of the (22) with
the unperturbated 4-d metri
4dgµν we obtain
h
;ρ
Φ ;ρ = −
1
2
ǫ;ρ;ρ (24)
. Using these onsiderations the propagation system (22) for the 4-d elds hΦ, ǫµ, ǫµν
beomes 

h
;ρ
Φ ;ρ = ǫ
;ρ
;ρ = 0
− ǫ ;νµ ;ν = 0
− ǫ ;ρµν ;ρ − 2
4dRρµσνǫ
ρσ = 0
(25)
The equations (25) and (23) are the wave's equations (the ovariant derivatives are
4-dimensional) on a 4-d vauum bakground
4dgµν of three dierent elds with xed
gauge:
- a massless salar eld hΦ
- a massless vetor eld ǫµ in Lorentz gauge ǫ
ρ
;ρ = 0
- a massless tensor eld ǫµν in a new gauge resembling the Hilbert gauge but having
a oupling with the salar wave.
ǫ ρµ ;ρ −
1
2
ǫ;µ =
1
2
hΦ;µ (26)
We onlude that a 5d gravitational wave, after the ompatiation, an be seen as
a superposition of a salar, a vetor and a tensor wave. The salar wave does not have
a diret physial interpretation but the vetor and the tensor wave an be identied
with a 4-d eletromagneti wave and a 4-d gravitational wave. To proeed with this
identiation we must verify that the gauge freedom of the 5-d eld hAB beomes the
right gauge freedom for these 4-d elds.
3.1 The gauge freedom with Φ2 = 1
The innitesimal oordinate hange x′A = xA + ξA generates the transformation (7) on
the perturbation hAB. To understand how this gauge freedom operates on the 4-d elds,
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we must analyze the 5d-vetor ξA; when the 5-d general ovariane is lost, the admissible
oordinate hange restrits to {
x5 = x′5 + f(x′ν)
xµ = xµ(x′ν)
(27)
and the transformation x′A = xA + ξA must be of the same kind (27) too; this implies
that the omponents of ξA with indies µ must be a 4-vetor and that ξ5 must be
a salar funtion. Using this deomposition of the vetor ξA and remembering that,
∇5 = 0,
5d∇µ =
4d∇µ the omponents of the transformation in (7) beome
h55 −→ h
′
55 = h55 (28)
h5µ −→ h
′
5µ = h5µ − ξ5,µ (29)
hµν −→ h
′
µν = hµν − ξµ;ν − ξν;µ (30)
Using the identiations (20) we an say that the original 5-d gauge freedom splits into
(28) whih shows the absene of a gauge freedom for hΦ, onrming its salar nature,
(29) whih shows (being ξ5 a salar funtion) for ǫµ the same gauge freedom of an
eletromagneti eld, (30) whih shows for ǫµν (remembering that ξ
µ
is a 4-vetor and
that the ovariant derivatives are built with unperturbed 4-d metri) the same gauge
freedom of a 4-d gravitational wave. Now we know that hΦ, ǫµ, ǫµν have wave equations,
of salar, eletromagneti and gravitational elds respetively and that they also have
the right behavior under gauge transformations. To be sure of these identiations
we must look at the degrees of freedom. Before ompatiation the eld ψAB has 15
omponents; the gauge ψ BA ;B = 0 leaves only 10, but we still have the freedom of make
an other transformation (7), suh as ξ
;B
A ;B = 0 that redues the number of independent
omponents to 5.
We have taken as a starting point for the wave, before ompatiation, the system
(9) whih leaves the wave with 10 degrees of freedom. After ompatiation, when the
general ovariane is lost, the eld hAB splits its degrees of freedom between 4-d elds
in the following way:
- hΦ 1 degree of freedom without gauge
- ǫµ 4 degrees of freedom + Lorentz gauge (1 onstraint)→ 3 degrees of freedom
- ǫµν 10 degrees of freedom + Hilbert gauge (4 onstraints)→ 6 degrees of freedom
we an still make the oordinate hanges whih generators satisfy ξ
;B
A ;B = 0 that, in a
Kaluza-Klein spae-time, allows us to make further transformations:
hΦ −→ h
′
Φ = hΦ (31)
ǫµ −→ ǫ
′
µ = ǫµ − ξ5,µ ( ξ
5
suh that ✷ξ5 = 0) (32)
ǫµν −→ ǫ
′
µν = ǫµν − ξµ;ν − ξν;µ ( ξ
µ
suh that ✷ξµ = 0) (33)
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where ✷ is
;µ
;µ built with
4dgµν . These transformations allow us to eliminate 1 more
degree of freedom from ǫµ and other 4 from ǫµν . In onlusion, we have the right degrees
of freedom for the identiations of hΦ with a salar wave, ǫµ with an eletromagneti
wave and ǫµν with a gravitational wave to be onsistent. Summarizing we an say that
a 5d-gravitational wave whih is in 5-d Hilbert gauge, after the ompatiation in a
Kaluza-Klein spae-time, onsists in the superposition of a salar wave, an eletromag-
neti wave in Lorentz gauge and a gravitational wave in a strange gauge that ouples
the 4-d Hilbert gauge with the salar wave.
4 4-d gravitational wave with 5-d origin in a
Minkowsky spae-time
Now we analyze the eets of the strange gauge (26) on the 4-d gravitational wave ǫµν
with 5-d origin. In Minkowsky spae-time, where the waves ould be deteted, the 5-d
metri jAB = ηAB is
ηAB =
(
4dηµν 0
0 1
)
(34)
the system (9) for the pre-ompatiation 5-d wave is{
ψ
,C
AB ,C =
5d
✷ψAB = 0
ψ BA ,B = 0
(35)
and the equations (25) (23) for the post-ompatiation omponents beome

h
,ρ
Φ ,ρ = ✷hΦ = ǫ
,ρ
,ρ = ✷ǫ = 0
ǫ ,νµ ,ν = ✷ǫµ = 0
ǫ ,ρµν ,ρ = ✷ǫµν = 0
(36)
with the gauge system 

ǫρ,ρ = 0
ǫ ρµ ,ρ −
1
2
ǫ,µ =
1
2
hΦ,µ
(37)
We an take as solution of the system (36) the plane waves:

ǫµν = ℜe
{
Cµν e
ikαx
α}
ǫµ = ℜe
{
Cµ e
ikαx
α}
hΦ = ℜe
{
φ eikαx
α} (38)
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whih must satisfy the following onditions imposed by the (37):

kµk
µ = 0
Cµk
µ = 0
kµCµν −
1
2
Ckν =
1
2
kνφ
(39)
where φ, Cµ and Cµν are taken as onstants. We speify that the wave's vetors of the
single elds ould be dierent but we have hosen a solution with the only wave's vetor
kµ to develop the idea of a single 5-d wave whih splits its omponent ause Kaluza-Klein
struture.
The eletromagneti wave ǫµ in Lorentz gauge is independent by the gravitational
wave and we an restrit our analysis to the third expression in (39). If we take a wave
that propagates in 3ˆ diretion the equations (39) allow to express the omponents C0i
and C22 as funtion of the other omponents
C01 = −C31 C02 = −C32
C03 = −
1
2
(C33 + C00) C22 = −C11 − φ
(40)
Using the gauge freedom and hoosing as generator ξµ(x) the innitesimal 4-d vetor
(whih satises ✷ξµ = 0)
ξµ(x) = iχµeikαx
α
− iχµe−ikαx
α
(41)
where χµ is onstant, we indue the transformation ǫµν → ǫ
′
µν = ℜe
{
C ′µν e
ikαx
α
}
with
C ′µν = Cµν + kµχν + kνχµ (42)
hoosing the omponents of the vetor χµ we an anel the omponents C3i, C00 and,
as a onsequene of the (40), the C0i too. Choosing the omponents of the vetor χ
µ
we an anel the omponents C3i, C00 and, as a onsequene of the (40), the C0i too.
Exhausted the gauge freedom the polarization tensor, for the presene of the eld hΦ, is
Cµν =


0 0 0 0
0 C11 C12 0
0 C12 −C11 − φ 0
0 0 0 0

 (43)
Observing this tensor we an note that, in spite of we have performed the proedure
whih ondues to the TT-gauge, the strange gauge ondition prevents to eliminate
the trae C ≡ Cµνη
µν = −φ.
4.1 Eets of the passage of the gravitational wave with 5-d
origin
The usual way to study the eets of a gravitational wave, is to look at the relative
motion of tests partiles desribed by the geodesi deviation equation and now we use
11
the same proedure to analyze this anomalous gravitational wave. Taken a partile A at
rest in the origin of the oordinate system with the 3ˆ axis in the diretion of propagation
of the inoming wave and hosen to put the polarization tensor in the form (43), and a
partile B disposed at a distane δxµ from the partile A, the geodesi deviation between
the two partiles will be (negleting in the Riemann tensor O(ǫ2) terms)
D2δxµ
dτ 2
=
1
2
ηµiǫij,0,0 δx
j
with ij=1,2 (44)
If we onsider the ase ǫ12 6= 0 and ǫ11 = ǫ22 = 0 this equation is the same for an
ordinary gravitational wave, but if we onsider the opposite ase ǫ12 = 0, ǫ11 6= 0 and
ǫ22 6= 0, in spite of the geodesi deviation equation is the same of the usual 4-d theory,
the omponent ǫ22 6= −ǫ11. This fat implies that given 4 tests partile A, B, C, D of
oordinates at t = 0 (x0, 0, 0), (0, x0, 0), (−x0, 0, 0), (0,−x0, 0), the passage of the wave
will make osillate them in the following way (k0 = k3 = k)
A) (x(t), 0, 0) with x(t) = x0
(
1 +
1
2
C11 cos k(t− z)
)
B) (0, y(t), 0) with y(t) = x0
(
1−
1
2
(C11 + φ) cos k(t− z)
)
C) (−x(t), 0, 0)
D) (0,−y(t), 0)
It is easy to observe the dierent behavior respet the usual ase (in g. 1 are shown
the eets of an inoming gravitational wave on a test partile ring): the partiles lying
along 2ˆ axis make an osillation dierent from that one of the partiles along 1ˆ axis.
Imagining of dispose a test partiles ring, we would observe a dierent elongation of the
ellipses axes (in g. 2 are shown the eets of the onsidered wave).
5 Waves on Kaluza-Klein bakground in Φ
2 6= 1 ase
We extend the previous results onsidering a wave that propagates on a Kaluza-Klein
bakground, but in presene of the osmologial term Φ2. The pre-ompatiation 5-d
wave is still the (9) but now the bakground is
jAB =
(
Φ2 0
0 gµν
)
(45)
after the breaking of the general 5-d ovariane, ause the ompatiation, like in
the previous Setion 3, we must extrat the 4-d wave equations for the purely 4-d elds
ontained in the 5d equation (9). In the following alulations we will use the ylindriity
ondition and we will speify if the objet is built with the 5-d metri jAB or the 4-d
metri
4dgµν only if it is not lear from the indies. We alulate the geometrial objets
beginning from the Christoel symbols obtaining
5dΓρµν =
4dΓρµν Γ
5
5µ =
1
2Φ2
Φ2, µ Γ
µ
55 = −
1
2
Φ2, µ Γ555 = 0 Γ
µ
ν5 = 0 Γ
5
µν = 0 (46)
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Figure 1: Deformations of a test partile ring produed by an ordinary gravitational
waves (in the gure C11 is 0.5)
-1.5 -1 -0.5 0.5 1 1.5
-1.5
-1
-0.5
0.5
1
1.5
Figure 2: Deformations of a test partile ring produed by the wave with 5-d origin ǫµν
(in the gure C11 is 0.5 and the amplitude of the eld hΦ is 0.2)
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By the use of these symbols we an alulate the Riemann tensor omponents
5dR
µ
ναβ =
4dR
µ
ναβ
5dR5555 = 0
5dR
µ
555 = 0
5dR55µν = 0
5dR5ναβ = 0
5dR5µ5ν = −
1
2Φ2
Φ2, µ ;ν +
1
4Φ4
Φ2, νΦ
2
, µ
(47)
The idea of the 5-d wave that feels the ompatiation implies that the Kaluza-Klein
struture must be imposed on jAB and on its perturbation ψAB only after have done the
operations that require the 5-d tensorial nature; for example the ovariant derivatives
of ψAB must be done operating in the usual way on the 5-d tensorial indies and after
imposing the Kaluza-Klein struture.
We begin the splitting operation by dividing the 5-d wave equation (9) in its omponents
ψ55, ψ5µ, ψµν retaining only the non-vanishing Riemann omponents:
−ψ
;5
55 ;5 −
5d︷ ︸︸ ︷
ψ
;µ
55 ;µ−2Rµ5ν5ψ
µν = 0 (48)
−ψ
;5
5µ ;5 −
5d︷ ︸︸ ︷
ψ
;ρ
5µ ;ρ+2R5µ5νψ
5ν = 0 (49)
ψ
;5
µν ;5 +
5d︷ ︸︸ ︷
ψ ;αµν ;α+2R5µ5νψ
55 + 2 5dRρµσνψ
ρσ = 0 (50)
Calulating the ovariant derivatives and using the Christoel symbols (46) and the
Riemann omponents (47) the original equation (9) is splitted in the following system

ψ
,µ
55 ;µ −
3Φ2, µ
2Φ2
ψ55,µ +
( 1
Φ4
Φ2, µΦ
2, µ −
1
Φ2
Φ2, µ;µ
)
ψ55 − Φ
2
(Φ2, µ
Φ2
)
; ν
ψµν = 0
ψ
;ν
5µ ;ν −
Φ2,ν
2Φ2
ψ5µ ;ν −
( 1
2Φ2
Φ2 ;ν, ν −
1
4Φ4
Φ2,νΦ2, ν
)
ψ5µ+
−
1
4Φ4
Φ2, µΦ
2, νψ5ν +
(Φ2, µ
Φ2
)
; ν
ψν5 = 0
ψ ;αµν ;α +
Φ2 , ρ
2Φ2
ψµν;ρ −
1
2Φ4
Φ2, (µΦ
2 , ρψρν) −
1
Φ2
(Φ2, µ
Φ2
)
; ν
ψ55 + 2
4dRρµσνψ
ρσ = 0
(51)
where, now, all ovariant derivative are 4-dimensional (the brakets ()indiate the sym-
metri part of the tensor). This system an be simplied beause the starting wave
propagates in a 5-d vauum bakground that, after ompatiation, has a Kaluza-Klein
struture. Therefore the 5-d Rii tensor satises

5dR55 = −ΦΦ
;µ
,µ = −Φ
2
(1
2
1
Φ2
Φ2 ;µ,µ −
1
4Φ4
Φ2,µΦ
2,µ
)
= 0
5dR5µ = 0
5dRαβ =
4dRαβ −
1
Φ
Φ,µ;ν =
4dRαβ −
1
2
1
Φ2
Φ2,α;β +
1
4Φ4
Φ2,αΦ
2
,β = 0
(52)
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Using these identities the system (51) beomes


ψ
,µ
55 ;µ −
3Φ2, µ
2Φ2
ψ55,µ +
1
2Φ4
Φ2, µΦ
2, µψ55 − Φ
2
(Φ2, µ
Φ2
)
; ν
ψµν = 0
ψ
;ν
5µ ;ν −
Φ2,ν
2Φ2
ψ5µ ;ν −
1
4Φ4
Φ2, µΦ
2, νψ5ν +
(Φ2, µ
Φ2
)
; ν
ψν5 = 0
ψ ;αµν ;α +
Φ2 , ρ
2Φ2
ψµν;ρ −
1
2Φ4
Φ2, (µΦ
2 , ρψρν) −
1
Φ2
(Φ2, µ
Φ2
)
; ν
ψ55 + 2
4dRρµσνψ
ρσ = 0
(53)
The Hilbert gauge (8) of the original system, substituting the Christoels (46) reads

4d︷︸︸︷
ψ
ρ
5 ;ρ+
1
2Φ2
Φ2, ρψ5ρ = 0
4d︷︸︸︷
ψ ρµ ;ρ+
1
2Φ2
Φ2, ρψρµ −
1
2Φ4
Φ2,µψ55 = 0
(54)
The system (53) with the gauge onditions (54) is purely 4-dimensional but the elds
ψ55, ψ5µ, ψµν are only the omponents of the 5-d eld ψAB. To extrat the 4-d elds
ontained in ψAB we must proeed like in the Φ
2 = 1 ase using the identiations (13)
in whih the unperturbed metri is now the (45). Negleting seond order terms we have

Φ2 + h55 = Φ
2 + hΦ =⇒ h55 = hΦ
h5µ
Φ2 + h55
= ǫµ =⇒ h5µ = Φ
2ǫµ
4dgµν + hµν −
(h5µ h5ν)
Φ2 + h55
= 4dgµν + ǫµν =⇒ hµν = ǫµν
(55)
Now we are able to reognize the 4-d elds ontained in ψ55, ψ5µ, ψµν ; indeed from the
denition of ψAB and using the 5-d trae of hAB
h = hABj
AB = h55j
55 + hµνj
µν =
h55
Φ2
+ gµνǫµν =
hΦ
Φ2
+ ǫ (56)
we an write the omponents of ψAB as:

ψ55 = h55 −
1
2
j55h = h55 −
1
2
Φ2(
h55
Φ2
+ ǫ) =
hΦ
2
−
Φ2ǫ
2
ψ5µ = h5µ = Φ
2ǫµ
ψµν = hµν −
1
2
gµνh = ǫµν −
1
2
gµν(
hΦ
Φ2
+ ǫ)
(57)
We ould substitute these relations into the system (53) but it is diult to separate the
equation for the eld hΦ from the trae ǫ of the 4-d tensor eld ǫµν ; the system ould
instead be simplied if we use the gauge freedom.
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5.1 The gauge freedom with Φ2 6= 1
Like in the Φ2 = 1 ase the 5-d wave is desribed by the system (9) that leaves the eld
ψAB with 10 degrees of freedom. We still have the freedom of make a transformation
x′A = xA + ξA with ξA suh as ξA;B;B that indues the hange (7) in the eld hAB. The
hange (7) with the present ase metri (using the ylinder ondition), beomes
h55 −→ h
′
55 = h55 − ξ5;5 − ξ5;5 = h55 + 2Γ
µ
55ξµ
h5µ −→ h
′
5µ = h5µ − ξ5;µ − ξµ;5 = h5µ − ξ5,µ + 2Γ
5
µ5ξ5
hµν −→ h
′
µν = hµν
5d︷ ︸︸ ︷
−ξµ;ν − ξν;µ = hµν − ξµ,ν + Γ
A
µνξA − ξν,µ + Γ
A
νµξA
(58)
After ompatiation, when the admissible oordinate hanges restrit to (27) and ξµ, ξ5
transforms like a 4-d vetor and a salar respetively, the equations (58), substituting the
Christoels (46) and using the identiations (55), beome the following gauge freedoms
for the 4-d elds hΦ, ǫµ, ǫµν
hΦ −→ h
′
Φ = hΦ − Φ
2, µξµ
ǫµ −→ ǫ
′
µ = ǫµ −
( ξ5
Φ2
)
, µ
ǫµν −→ ǫ
′
µν = ǫµν
4d︷ ︸︸ ︷
−ξµ;ν − ξν;µ
(59)
Observing these equations we an note that the eld ǫµν has the gauge freedom of a
4-d gravitational wave, the eld ǫµ has the gauge freedom of an eletromagneti wave
(
ξ5
Φ2
is a salar funtion) but the salar eld hΦ has a gauge freedom too that allows to
eliminate it. The eld hΦ unlike in the Φ
2 = 1 ase seems to not be a degree of freedom
of the theory but if we try to eliminate it, we must use a ξµ omponent leaving only
three omponent to make the gauge transformation on ǫµν and this fat implies that
the gravitational eld would have three and not two degrees of freedom. In onlusion
the original 5-d wave has in every ase 5 independent omponents: if we want the
gravitational wave with 2 degrees of freedom we an't eliminate hΦ otherwise we ould
eliminate hΦ but the gravitational wave would have 3 independent omponents.
5.2 The wave equations with a partiular hoie of gauge
The equations (53) an be simplied if we make a gauge transformation (59). In the
previous setion we have seen that we an make a gauge transformation even on hΦ,
paying the prie of have ǫµν with three freedom degrees; it is partiularly onvenient
hoose the following gauge
ψ55 =
h55
2
−
Φ2ǫ
2
= 0 =⇒ h55 = Φ
2ǫ (60)
This hoie is useful beause at the same time it eliminates ψ55 deoupling the rst and
the third of the (53) and allows us to neglet the dependene of ψµν on hΦ whih ould
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be present beause of the 5-d trae h) in fat
ψ55 = 0 =⇒ h = hABj
AB =
h55
Φ2
+ ǫ = 2ǫ (61)
and as a onsequene:
ψµν = ǫµν −
1
2
gµνh = ǫµν − gµνǫ (62)
By the use of this gauge it is easy to substitute the (57) inside the (53);

(Φ2, µ
Φ2
)
; ν
(ǫµν − gµνǫ) = 0
(Φ2ǫµ)
;ν
;ν −
Φ2,ν
2Φ2
(Φ2ǫµ); ν −
1
4Φ2
Φ2, µΦ
2, νǫν +
(Φ2, µ
Φ2
)
; ν
Φ2ǫν = 0
(ǫµν − gµνǫ)
;α
;α +
Φ2 , ρ
2Φ2
(ǫµν − gµνǫ);ρ −
1
2Φ4
Φ2, (µΦ
2 , ρ(ǫρν − gρν)ǫ) + 2
4dRρµσν(ǫ
ρσ − gρσǫ) = 0
(63)
The rst of these equations is now only a ondition on the third; The seond an be
simplied using the rst of the (52) beoming
ǫ ;νµ ;ν +
3
2
Φ2,ν
Φ2
ǫµ;ν −
1
4Φ4
Φ2, µΦ
2, νǫν +
(Φ2, µ
Φ2
)
; ν
ǫν = 0 (64)
and the third an be ontrated with
4dgµν giving the equation for the ǫµν trae (using
the identity 2Rµν −
1
2Φ4
Φ2, µΦ
2
,ν =
(
Φ2, µ
Φ2
)
; ν
whih ames from the third of (52)):
ǫ;α;α +
1
2
Φ2 , ρ
Φ2
ǫ;ρ = 0 (65)
The system (58) an be nally written

(Φ2, µ
Φ2
)
; ν
(ǫµν − gµνǫ) = 0
ǫ ;νµ ;ν +
3
2
Φ2,ν
Φ2
ǫµ;ν −
1
4Φ4
Φ2, µΦ
2, νǫν +
(Φ2, µ
Φ2
)
; ν
ǫν = 0
ǫ ;αµν ;α +
Φ2 , ρ
2Φ2
ǫµν;ρ −
1
4Φ4
Φ2, µΦ
2 , ρǫρν −
1
4Φ4
Φ2, νΦ
2 , ρǫρµ + 2
4dRρµσνǫ
ρσ +
(Φ2, µ
Φ2
)
; ν
ǫ = 0
(66)
and it must be oupled with the gauge onditions (54) that in terms of the new 4-d elds
beome: 

ǫρ;ρ +
3
2
Φ2, ρǫρ = 0
ǫ ρµ ;ρ − ǫ;µ +
1
2Φ2
Φ2, ρǫρµ −
1
2Φ2
Φ2, µǫ = 0
(67)
The equations (66), (67) are the wave equations for a 5-d gravitational wave in the gauge
ψ55 = 0 generated before ompatiation, that splits its omponent when the Universe
17
aquires a Kaluza-Klein struture. In this gauge the gravitational wave ǫµν has 3 degrees
of freedom (we have used a ξµ omponent to make it); the wave equation for the trae
ǫ (rst of (67)) is essentially the equation for the salar eld hΦ(hΦ = Φ
2ǫ) that ouples
to the gravitational wave.
We underline that this ase an not be analyzed, like in the previous Setion 4, in at
spae-time, beause the onsisteny of the Kaluza-Klein equations (52) impose
4dRµν 6=
0, unless we restrit the analysis to a restrited lass of Φ2 elds.
6 Diret perturbation of a Kaluza-Klein spae-time
In the previous setions we have studied a wave generated before the spontaneous om-
patiation proess had taken plae, whih undergoes the eets of the ompatiation.
Now we hange point of view studying the waves generated after the spontaneous
symmetry breaking had taken plae i.e we will study gravitational waves generated in
a Kaluza-Klein spae-time. To do this we start from a ompatied universe in whih
the vauum Kaluza-Klein equations (obtained resolving
5dGAB = 0 in omponents for a
metri with the K-K struture (11)) are:

4dGαβ = −
[
gαβ
Φ
Φ ;µ,µ −
1
Φ
Φ,α;β
]
−
e2k2Φ2
2
(gαβ
4
FµνF
µν − FαρF
ρ
β
)
4dR−
3e2k2Φ2
4
FµνF
µν = 0
(Φ3F µν);ν = 0
(68)
and we proeed perturbing diretly the 4-d dynamial elds gµν −→ gµν + δgµν , Aµ −→
Aµ + δAµ and Φ
2 −→ Φ2 + δΦ2. This operation orrespond to send the unperturbed
Kaluza-Klein metri jAB in the perturbed metri jAB + δjAB that, like jAB, must satisfy
the vauum Kaluza-Klein equations (68). At the rst order δjAB will be, if we restrit
our analysis, as in the previous setions, to the ase Aµ = 0 and Φ
2 = 1
δjAB =
(
δΦ2 ekδAµ
ekδAν gµν + δgµν
)
(69)
We perturb the system beginning from the last of the (68)
(Φ3F µν);ν = 0 −→
(
(Φ2 + δΦ2)
3
2 (F µν + δF µν)
)
;ν
= 0 (70)
where δFµν = δAν;µ − δAµ;ν . Keeping only rst order terms and imposing Φ
2 = 1,
Aµ = 0 we obtain
(δF µν);ν = 0 (71)
whih is the equation for the innitesimal eletromagneti wave δAµ in vauum.
The seond of the (68) an be perturbed more easily if is used the expression for
5dR
that in vauum is
5dR = 4dR−
2
Φ
Φ ;µ,µ −
e2k2Φ2
4
FµνF
µν = 0 (72)
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Substituting the expression for
4dR inside the seond of the (68) we obtain
1
Φ
Φ ;µ,µ =
e2k2Φ2
4
FµνF
µν
(73)
This expression is equivalent to the seond of the (68) and if we perturb it send-
ing at the same time Φ2 → Φ2 + δΦ2 and Fµν → Fµν + δFµν (note that
1
Φ
Φ ;µ,µ =
1
2
1
Φ2
Φ2 ;µ,µ −
1
4Φ4
Φ2,µΦ
2,µ
) we obtain keeping only rst order terms and imposing after to
have perturbed Φ2 = 1, Aµ = 0:
δΦ2 ;µ,µ = 0 (74)
whih is the wave equation for the massless salar eld δΦ2. To perturb the rst of
the (68), it is onvenient rewrite it in terms of
4dRµν and taking into aount that the
equations (68) derive from
5dGAB, but in vauum
5dGAB =
5dRAB = 0, we an write
5dRµν =
4dRµν −
1
Φ
Φ,µ;ν −
e2k2Φ2
2
FµσF
σ
ν = 0 (75)
We an now vary the last expression varying simultaneously all the elds. Keeping rst
order terms and imposing Φ2 = 1, Aµ = 0 after the variations (these onditions looking
at the (75) impliate
4dRµν=0) we have:
4dδRµν =
1
2
δΦ2,µ;ν (76)
where
4dδRµν is
1
2
(
δgαµ;ν;α + δg
α
ν;µ;α − δg
;α
µν ;α − δg;µ;ν
)
(77)
The (76) is therefore the equation for a gravitational wave δgµν propagating in a 4-
dimensional urved bakground with a soure term Φ2,µ;ν . The equations (71), (74),
(76), tell us that the innitesimal elds δAµ, δΦ
2
, δgµν , are identiable with an eletro-
magneti, a massless salar and a gravitational wave oupled with the salar respetively.
We an summarize redening the perturbations of the Kaluza-Klein metri in analogy
with the previous setions δΦ2 = hφ (salar wave), δAµ = ǫµ and δgµν = ǫµν and writing
the perturbed system

h
,ρ
Φ ;ρ = 0
− ǫ ;νµ ;ν + ǫ
ν
;ν;µ = 0
− ǫ¯ ;αµν ;α +
1
2
gµν ǫ¯
;α
;α + ǫ¯
α
µ;α;ν + ǫ¯
α
ν;α;µ − 2Rσµαν ǫ¯
ασ = hΦ,µ;ν
(78)
We underline that we still have the possibility of make the transformations (18), (19)
and (20) (whih ame from the gauge freedom for a 5-d Kaluza-Klein metri) whih
oinide with the ordinary gauge's freedoms for the eletromagneti and gravitational
elds.
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7 Brief onluding remarks
This work permits to say that, treating the problem with a perturbative approah, the
4-d dynamial elds result oupled ause the 5-d origin and having dierent features
if we onsider perturbations generated before or after that the proess of ompati-
ation settles down. In partiular if we think to the bakground terms Aµ, Φ
2
set to
1 and 0 respetively and we look at 5-d pre-ompatiation gravitational waves, (in
5-d Hilbert gauge and on whih we impose the Kaluza-Klein onditions of a ompati-
ed universe), we obtain an usual eletromagneti wave and a gravitational wave mixed
with the salar one. This oupling for a wave in Minkowsky spae-time is suh that it
modies the relative motion of test partiles in a dierent way from the ordinary gravi-
tational waves: the two polarization states are deformed proportionally to the amplitude
of the salar perturbation. If instead, in the same ase Aµ = 0, Φ
2 = 1, we onsider
gravitational waves generated after the ompatiation, (alulated by a diret per-
turbation of Kaluza-Klein spae-time), we found an usual eletromagneti wave and an
usual gravitational wave but oupled with a salar one by a soure term proportional to
the derivatives of the latter one. The presene of the terms Φ2 ause strange oupling
between the bakground and the 4-d elds extrated from the pre-ompatiation wave
but the equations here predited ould be useful for following appliations to osmolog-
ial dynamial ompatiation frameworks (for example [9℄).
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